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C O N S T R U C T I O N  O F  A R E G U L A R I Z E D  S O L U T I O N  TO 

ONE I N V E R S E  t t E A T - C O N D U C T I O N  P R O B L E M  W I T H  

R A N D O M  E R R O R S  IN T H E  I N I T I A L  D A T A  

Y u .  E .  V o s k o b o i n i k o v  a n d  Y a .  Y a .  T o m s o n s  UDC 536.24.01 

An analysis  is made of the s ta t is t ical  cr i ter ion for  the choice of a regulation pa ramete r  
in the reconstruct ion of the heat flux at the surface of a body from the tempera ture  inside 
the body measured with a random e r r o r .  

1. The determination of the heat flux at the surface of a body from the tempera ture  field measured  in- 
side the body is a very  common inverse  boundary problem of heat conduction in the analysis of experimental  
resul ts  [1]. 

Let us consider  an infinite plate xxdth a thickness d which is thermal ly  insulated on one side. The t e m -  
pera ture  field t(x, T) at a depth x produced by a variable heat flux g(T) entering through the boundary x = d is 
determined by the integral  equation [2] 

T 
j h(x, el; z, z~)g(T~)ci~ == t(x, T), (1) 
0 

where h(x, d; T, Tf) is the Green function for a plate of finite thickness.  In the case of a nonzero initial t em-  
pera ture  distribution t(~, 0) the right side of (1) is written in the form [2] 
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t' (x, ~)= t(x, ~ ) -  const ~ h(x, ~; ~, O)t(~, O)cl~." 
0 

Because of the noise of the t empera tu re  sensor  and the ampl i f ie rs ,  instead of the exact value of the 
t empera tu re  field t(x, T) at the point x one is able to r ecord  a p rocess  t(x,  T) =t(x,  T) + n(x, 7), where n(x, z) 
is the noise in the measurement  of the t empera tu re  field. We make the following assumptions concerning the 
measuremen t  noise: a) the p rocess  n(x, T) is a steady random process  with a zero  mathematical  expectation 
and does not depend on t(x, T); b) the cor re la t ion  function Kn(z ) for  this random process  is known. The lat ter  
assumption is satisfied very often in p rac t i ce ,  since before conducting the experiment it is possible to record  
a Process  t(x, z) whose pulsations are  ent irely due to the measurement  noise and to calculate Kn(T ) for the 
required  value of the argument  using well-known methods.  

Thus,  the inverse  heat-conduction problem (IHCP) under considerat ion can be formulated as follows: 
f rom the t empera tu re  field t(x, T) recorded  at the point x to determine the heat flux g(T) entering the plate,  
which is the solution of a Vol te r ra  in tegra l  equation of the f i rs t  kind (1). 

Such a problem belongs to the  class  of incor rec t ly  stated problems [3]. In the numerica l  solution of (1) 
the inco r rec tnes s  entails the poor  conditionality of the sys tem of a lgebra ic  equations 

Hg='t, (2) 

where g and t a re  vec tors  of dimensionali ty Ng and N t comprised  of the values of g(T) and t(x, z) on some dif- 
fe rence  gr id  while H is an (N t • Ng) mat r ix  ap-proximating the original integral  opera tor ,  with the approMma- 
tion e r r o r  being negligibly smal l  in compar ison  with the measurement  noise.  The poor conditiona!ity of the 
sys t em (2) is manifested in the cha rac te r i s t i c  "sawtoothed ~ fo rm of its solution, which differs considerably 
f rom the t rue  solution. 

The Tikhonov regular iza t ion  method, where the regular ized solution is sought f rom the condition of the 
minimum of the smoothing functional, which ult imately leads to the solution of a well-specified sys tem of 
equations,  has obtained wide application in the solution of incor rec t ly  stated problems.  In our case the p r e s -  
ence of a pr ior i  information on the s ta t is t ica l  proper t ies  of the measurement  noise allows us to use the methods 
of mathemat ica l  s ta t is t ics  both in the construct ion of the regular ized solution and in the choice of the regu la r i za -  
tion pa rame te r .  

2. The regular ized  solution of the IHCP under considerat ion will be found f rom the Condition of the mini-  
mum of the functional [4] 

r [g, "tl -- [l~ - -  Hgll~-~ + ~zllgll~-,, (3) 

where R is an (N t x Nt) cor re la t ion  mat r ix  with elements  {R}k i = Kn(T k --Ti);  I ~ iS a posit ive-definite s y m m e t r i -  
cal (Ng • Ng) mat r ix  assigned a pr ior i  and such that the quadratic form Ilgil ~ - i  =gT  F-lg represents  a f inite-  
difference approximation of a functional ref lect ing the measure  of smoothness of the unknown solution g(T). The 
vec tor  g~ at which the minimum of (3) is reached and which is determined f rom the sys tem 

(aF-1 + HTR-1H)g~ = HrR-~, (4) 

where T is the t ransposi t ion symbol ,  will be called the skeleton of the regular ized  solution of the IHCP. 

An important  problem ar i s ing  in the construct ion of the skeleton ga  is the choice of the unknown regu la r i -  
zation p a r a m e t e r  a .  F r o m  the point of view of the accuracy  of the solution of Eq. (1) it is desirable  to choose 

so as to minimize  some functional e(a) of the e r r o r  of the solution, charac te r iz ing  the c loseness  of g~ to the 
pseudosolution g+ = (HTH)-IHTt of the sys tem (2), which emerges  in the role of the skeleton of the solution o f  
the IHCP when the right side is ass igned exactly.  Mathematically this comes down to the solution of the ex-  

t r e m a l  problem 

inf e (~) = e (s0). (5) 
c~>0 

�9 Henceforth we will call  the p a r a m e t e r  a0 the F-opt imal  regular izat ion pa rame te r  (RP), thereby emphasizing 
that s 0 minimizes  e(a) only with the adopted mat r ix  F, while the opera tor  T(a0) = (a0 r-1 + HTR-1H) -1HTR-1 is 
the F-optiOnal regular iz ing opera tor .  In contras t  to the well-known approaches to the choice of ~ ,  which pe r -  
mit one to construct  solutions which a re  optimal in order  of magnitude [5]; in the present  repor t  the F-opt imal  
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TABLE 1. E r r o r s  in the Construct ion of Skeletons for  the Solution 
of the IHCP 

Noise 

level 6 

0,0187 
0,0468 
0,0937 

Skeleton g~ 

0,0915 
0,1002 
0,1171 

0,0462 
0,0502 
0,0851 

Skeleton ga T 

s, s~ 

0,1202 0,0591 
0.1581 0.0862 
0,2051 0,1261 

Skeleton ~+ 

8.98 7.17 
22.45 17,94 
44,9l 35,88 

- I z : 
- !  -- / 

* ..... ' i 4 ____5 
Fig. 1. Resul ts  of a numer ica l  expe r imen t  on 
the recons t ruc t ion  of the heat f lux;  1) ass igned  
heat flux g(~); 2) t e m p e r a t u r e  t(T) measu red  with 
a noise 6 = 0.046; 3) regularized skeleton ga con- 

structed with ~ = ~A, 

value of the RP is  calculated on the bas i s  of the tes t ing of s ta t i s t i ca l  hypothesis  concerning the eovar ia t ion 
ma t r i x  of' the d i sc repancy  vector~ 

3. As the c r i t e r i o n  of accu racy  in the construct ion of the regu la r ized  skele ton of the solution of the 
IHCP we take the t ooL-mean- squa re  e r r o r  e(a) = M[llg a --g+t! 2], where M is  the ma themat i ca l  expectat ion 
ope ra to r .  Introducing the m a t r i x  V e (a) = M [ ( g ~ -  g + ) ( g a -  g+)T] in tothe analysis  andusing r =Sp[Ve(c~)], where  
Sp[A] is the spur  of the ma t r ix  A, the p rob l em (5) can be reduced to the ex t r ema l  p rob lem 

(%) = inf Sp IT (~) V 7 T r (~) --. 2VgHrT r (~) + Vg], (6) 

where V~ = M [tt T]; Vg = g+{g+)T. The solution of the p rob lem (6) a l lows one to obtain ehe sufficient  condition 
for  the F-opt imal i ty  o f  the value of the RP,  which has the f o r m  of the identity 

r (%) V~ = VgH r. (7) 

Since Vg is  not know,a, however ,  this identity cannot be used for  the const ruct ion of the F -op t ima l  regula r iz ing  
ope ra to r .  This difficulty can be ove rcome  in the following way. 

Let  us de t e rmine  the covar ia t ion  m a t r i x  V e(a)  = M[ec~e~T} of the d i sc repancy  vec to r  e~ = t -  Hga with 
= on. We can show that  f r o m  (7) we immedia te ly  get  the identity 

V~ (%) = R (R + ~7~//FHr)-~R, (8) 

which r e p r e s e n t s  the sufficient  condition for  the F-opt imal i ty  of the RP.  

The identi ty (8) is  essent ia l ly  the c r i t e r ion  fo r  the F-op t imal i ty  of the RP ,  and in con t ras t  to (7) i t s  use 
does not r equ i re  a p r io r i  in format ion  about g+. However ,  to t e s t  (8) one must  know the m a t r i c e s  standing on 
both s ides  of {8). The difficulty a r i s ing  in this s tage cons is t s  in the imposs ib i l i ty  of calculat ing the m a t r i x  
Ye(~) f r o m  one rea l iza t ion  of the random d i sc repancy  vec tor .  T h e r e f o r e ,  to t e s t  (8) one 'must apply the methods 
for  tes t ing s t a t i s t i ca l  hypotheses on the equality of covar ia t ion m a t r i c e s ,  which a r e  widely used in mul t iva r i a t e  
s ta t i s t i ca l  ana lys i s  [6]. 
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As the null hypothesis  A 0 we take the assumpt ion  that  Ve(a)  = R0R + a - I H F H T ) - i R ,  while as the a l t e r -  
nat ive A 1 we take Ve(a)  # R(R + ~ - I H F H T ) - I R .  The value of the RP  at which the null hypothesis  is  accepted ,  
i . e . ,  

V~ (aA) = 1~ (1R~- a X' HFH 7) - 1R, (9) 

us ing  the chosen c r i t e r i o n  F,  is  des ignated  as  a A. One can show that  e ( a A ) <  inf e(a), where  {al} is  the se t  

of va lues  of a - 0 for  which the hypothesi  s A 1 is  accepted .  Thus ,  the value of a A is  the F-op t imal  RP fo r  the 
se taAU{al}  and fo r  the cons t ruc t ion  of ga  it  only r e m a i n s  to find the a at which the hypothesis  A 0 is accepted.  

The s imp le s t  a lgor i thm for  finding a A is  based on the tes t ing  of the dis t r ibut ion of the quadrat ic  f o r m  
�9 p(a)  = e a T R - 1  (R + a - l H r H T ) R - i e a ,  which, with the acceptance  of the hypothesis  A0, mus t  conform to a X 2 

dis t r ibut ion with Nt  deg ree  of f r e edom .  Without repea t ing  the a rgumen t s  expounded in [7], we only p re sen t  
the f inal  ent ry  of the calculat ing p rocedu re  of this  a lgor i thm,  which has a r e c u r r e n t  f o r m  re la t ive  to T = l / a :  

. R(ya) [1 R(Yh) ] Y h + l = V h ~ ~  Nt , ?0<< 1, (10) 

where  R ( T ) = P  (l /T),  whi le  the de r iva t ive  R'(~/) is  de te rmined  numer ica l ly :  R '  (~,) = [R(~/+ A~/)--R(~/--A~/)]/2A~/. 
The p r o c e s s  of finding a = 1/T c e a s e s  when the value of R(~/) fai ls  within the in te rva l  0Nt(a) = [aNt(a/2), aNt 
(1- -a /2) ] ,  where  a N t ( a / 2 ) - - a / 2  is  the quar t i le  of a X 2 dis t r ibut ion with N t deg rees  of f r eedom,  which c o r r e -  
ponds to the accep tance  of the hypothesis  with an e r r o r  of the f i r s t  kind equal to a.  The p rocedure  (10) has a 
high ra te  of convergence  to the value (~A and the number  of i t e ra t ions  needed for  R(~/) to fal l  within the i n t e r -  
val  0Nt(a) usually does not exceed f ive.  

We note that  the a lgor i thm for  choosing a on the bas i s  of the tes t ing  of the hypothesis  A 0 guaran tees  the 
convergence of ga  to g+ in the r o o t - m e a n - s q u a r e  m e t r i c  [7], i . e . ,  l i m M  [l lg~--g+l]  2] = 0 as Sp[R]---0.  

To e s t ima te  the s t a t i s t i ca l  c h a r a c t e r i s t i c s  of the e r r o r  in the cons t ruc t ion  of the skeleton of the solution 
of the IHCP it is  convenient  to  introduce the d i sp lacement  vec to r  b a = M[ga] - - g +  and the co r re l a t ion  m a t r i x  
Ca = M[ga --M[ga]) (ga --M[ga])T] [7]. 

The algorithm described above for the construction of the regularized skeleton was placed at the basis 
of a program for the solution of Eq. (1) which is used successfully at the Institute of Thermophysics, Siberian 
Branch of the Academy of Sciences of the USSR, and other organizations. 

4. Let us present the results of a numerical experiment. A measurement noise with a relative error 

5 : ( 2  n~(J)) l /2/ (~ t~(])) i/~ was imposed  on a t e m p e r a t u r e  field t(T), m e a s u r e d  exact ly  at the point x and 
i J 

co r responding  to an ass igned  heat flux g(T). The skele ton g a  was cons t ruc ted  f r o m  the vec to r  t thus obtained. 
The skele ton g a  for  5 = 0.046 is  p resen ted  in Fig.  1. Despi te  the discontinui t ies  in the de r iva t ives  of the func- 
t ion g(T), which makes  it  "poor"  fo r  r econs t ruc t ion ,  the skele ton g a  coincides r a t he r  well with g(T). The r e l -  
at ive v a l u e s  

el :maxle~(])]/maxlg+ (])]; e2 : ( 2  e ~ ( ] ) ) ' / 2 / ( ~  (g+(]))2) '/2 
: i ] i 

of the e r r o r  e~ (j) = ga( j ) - -g+( j )  fo r  g~ and fo r  the skeleton g a T '  constructed using Tikhonov 's  f i r s t - o r d e r  r eg -  
u la r i z ing  o p e r a t o r  with a chosen in accordance  with the d i sc repancy  pr inc ip le ,  i . e . ,  f r o m  the condition l i t -  
l~gaw 112 = Nta2nn , where  a2n  is  the d i spe r s ion  of the m e a s u r e m e n t  noise ,  a r e  p re sen ted  in Table  1. The e r r o r s  
in the cons t ruc t ion  of the skele ton g+ = (HTH)-IHTt -, which r e p r e s e n t s  the unregula r ized  solution of the IHCP,  
a r e  a l so  p re sen ted  he re .  It  i s  seen  that  the use  of. r egu la r iza t ion  methods cons iderably  i n c r e a s e s  the accu racy  
of the solution of the IHCP.  The s m a l l e r  e r r o r  i n t h e  const ruct ion of the skeleton g a  can be explained by the 
al lowance fo r  the s t a t i s t i c s  of the m e a s u r e m e n t  noise in the cons t ruc t ion  of the r egu la r i zed  solution of the 
IHCP and the choice of the regu la r i za t ion  p a r a m e t e r .  

In conclusion,  we note that  the approach  to the choice of the regu la r iza t ion  p a r a m e t e r  d i scussed  in t h e  
r epo r t  can' be used  in the solution of poor ly  spec i f ied  s y s t e m s  of a lgebra ic  equations fo r  which the r ight  s ides  
a r e  given with an e r r o r  having a r andom na ture .  
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N O T A T I O N  

g(T), heat  flux at su r face  of plate;  t (x,  T) t e m p e r a t u r e  at  the point x; n(x, T), noise of t e m p e r a t u r e  
m e a s u r e m e n t ;  t (x,  T), t e m p e r a t u r e  m e a s u r e d  at  the point x; ~, t ime;  t and g,  vec to r s  composed  of the values  
of the functions t (x,  ~) and g(T); H, m a t r i x  approx imat ing  the or iginal  in tegra l  equation; a ,  r egu la r iza t ion  
p a r a m e t e r .  
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N U M E R I C A L  A L G O R I T H M  F O R  T H E  S O L U T I O N  O F  L I N E A R  

T W O - D I M E N S I O N A L  I N T E G R A L  E Q U A T I O N S  OF T H E  F I R S T  K I N D  

V. D. Perminov UDC 526.24.01 

A numer i ca l  a lgor i thm is p roposed  fo r  the solution of two-d imens iona l  in tegra l  equations 
of the f i r s t  kind, to which some i nve r se  p rob lems  of heat conduction a r e  reduced.  

It is known that many problems of practical importance in the analysis of experimental results lead to 
the solution of a linear integral equation of the first kind in a rectangular region (for example, thermophysical 
problems of the determination of the heat flux to axisymmetric and plane bodies from the assigned time de- 
pendence of the temperature at part of the boundary of the region, the geophysical problem of the interface 
between two media with different densities, and others): 

A I = S ~ , ( x ,  v, s, t)f(s, t)d~dt=,(x, y), 
Dj. 

x, y C D = { O ~ x ~ l ,  O ~ y ~ l } ;  s, tED,(x, y )~D.  

(1) 

The p rob l em of the solution of such an equation i s ,  genera l ly  speaking,  i nco r rec t ly  s ta ted .  If the solution of 
Eq.  (1) is  unique for  an ass igned r ight  side ~(x, y) then the solution f ( s ,  t) can be obtained by the r e g u l a r i z a -  
t ion method proposed  by Tikhonov [1, 2]. In accordance  with this method an approx imate  solution fc~ (s, t) is 
defined as a function yielding the min imum of the functional 

D D 

(2) 

in which the value of the regu la r iza t ion  p a r a m e t e r  a mus t  conform with the level  of the r o o t - m e a n - s q u a r e  
e r r o r  6 of the r ight  s ide.  In the functional (2) the quanti t ies  Pi(S, t) > 0 (i = 1, 2, . . . ,  6) a r e  ass igned  fmlc-  
t ions and fl = 0 or  1 in f i r s t -  or  s e c o n d - o r d e r  r egu la r i za t ion ,  r e spec t ive ly .  

In [3] an a lgor i thm was proposed fo r  the solution of the var ia t iona l  p rob lem (2) for  the one-d imens iona l  
equa t i on  (1), based  on the approx imat ion  of the unknown solution by cubic spl ines  [4]. The e f fec t iveness  of the 
a lgor i thm,  ver i f i ed  on the p rob lem of solving the Abel equation [3] and the p rob l em of r econs t ruc t ing  a d i s t r i -  
bution function [5], is  explained to a cons iderab le  extent by the p r e p e ~ i e s  of the convergence  of cubic spl ines  
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